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Abstract

At large scales, quantum systems may become advantageous over their clas-
sical counterparts at performing certain tasks. Developing tools to analyse
these systems at the relevant scales, in a manner consistent with quantum
mechanics, is therefore critical to benchmarking performance and characteris-
ing their operation. While classical computational approaches cannot perform
like-for-like computations of quantum systems beyond a certain scale, classical
high-performance computing (HPC) may nevertheless be useful for precisely these
characterisation and certification tasks. By developing open-source customised
algorithms using high-performance computing, we perform quantum tomogra-
phy on a megascale quantum photonic detector covering a Hilbert space of 10°.
This requires finding 10® elements of the matrix corresponding to the positive
operator valued measure (POVM), the quantum description of the detector, and
is achieved in minutes of computation time. Moreover, by exploiting the struc-
ture of the problem, we achieve highly efficient parallel scaling, paving the way
for quantum objects up to a system size of 102 elements to be reconstructed
using this method. In general, this shows that a consistent quantum mechanical



description of quantum phenomena is applicable at everyday scales. More con-
cretely, this enables the reconstruction of large-scale quantum sources, processes
and detectors used in computation and sampling tasks, which may be necessary
to prove their nonclassical character or quantum computational advantage.

Keywords: scaling, reconstruction, quantum detector tomography, single-photon
detector, high-performance computing, Wigner functions, parallelisation, quantum
photonics

Photonic quantum computing paradigms are built around large scale generation,
manipulation and measurement of quantum light. At sufficient scale, the computations
these devices perform cannot be verified by conventional computing. Pertinent exam-
ples are quantum simulators [1] and Boson sampling [2], where in the latter beyond a
certain system size, the process of sampling from the output distribution of a nonclas-
sical input state in a photonic circuit implementing a random unitary matrix is a task
which is computationally easier for a photonic quantum processor. Nevertheless, the
same photonic processor, under illumination from “classical” light, is computationally
“easy” to compute using classical approaches. Since this classical light is tomograph-
ically complete, one can use techniques such as quantum tomography to characterize
the device and verify its underlying quantum mechanical structure, without performing
the full Boson sampling task [3]. However, just because the computational complexity
class suggests that the problem is “easy” for a classical computer, still the question
arises what the practical limits of this approach are. To that end, high-performance
computing (HPC) is a very well established field which has great potential to assist
in these quantum tomography tasks, provided the benefits of parallelisation can be
reconciled with the constraints imposed by the quantum mechanical objects to be
reconstructed.

Quantum detector tomography [4-9] is a well-established technique for providing
a consistent quantum mechanical characterisation of the measurement process. This
approach to characterising experiments is particularly attractive, since it provides a
model-free method to connect the underlying quantum mechanics of systems to the
measurement results we observe. The aim of a tomography experiment is to reconstruct
the set of Positive Operator Valued Measures (POVMs) {7, } by mapping the detector
response to a tomographically complete set of input states, i.e. the set of input states
that span the full outcome space of the detector. The size of the problem is governed
by the dimensionality of the Hilbert space M occupied by the set of input states and
the number of outcomes N. In order to be tomographically complete, the Hilbert space
spanned by the input states is necessarily at least as large as the outcome space, i.e.
M > N. In general, the size of the set of POVMs {,,} is then M? - N; for non-phase-
sensitive detectors this reduces to M - N. Nevertheless, the challenge is thus to devise
techniques to reconstruct POVMs covering ever larger system sizes, to enable state of
the art quantum optics experiments [3, 10].

Up to now, almost all detector tomography experiments have described detec-
tors with few outcomes (N < 10) covering a relatively small Hilbert space (M <



100) [7, 8, 11-17], where approaches such as semi-definite programming and maximum
likelihood estimation could be readily applied with standard computing hardware.
Alternatively, data pattern tomography can be used to characterise a relevant subset
of the detector’s outcome space [18]. More recently, numerical approaches using con-
vex optimisation solvers have been pursued, to interrogate larger system sizes [19].
This approach has been applied to high-performance computing hardware, as investi-
gated by Liu et al., [20] using simulated data. Their results suggested an upper limit
of system size M - N of the order 10°, based on available computational resources.
In the case of phase sensitive detectors, the size of the matrix required to map the
Hilbert space dimension M becomes M2, significantly increasing the computational
resource requirements. In this context, the largest tomographic reconstruction to date
has been performed on a phase-sensitive photon counter, requiring the reconstruction
of 1.8 - 105 elements [21].

In this work, we perform experimental detector tomography of a high dynamic
range detector up to N = 50 occupied outcomes covering a Hilbert space of M =
1.2 - 105 photons, surpassing the limit suggested by Liu et al. [20] as well as the size
of the experimental reconstruction by Zhang et al. [21], by two orders of magnitude.
To do so, we developed a convex minimisation solver optimised for operation on high-
performance computing hardware. We apply this solver to the simulated data from
Liu et al. (340 outcomes, Hilbert space up to 3 - 10* photons), and show two orders
of magnitude saving in runtime, and four orders of magnitude saving in memory
usage. Extending the simulated data further, we demonstrate reconstructions of sys-
tem sizes > 102 (e.g. 10° outcomes, 10° photons). Among many other applications,
this allows for a quantum characterisation of state-of-the-art single-photon sensitive
detector arrays [10, 22] and Boson sampling machines [3], in minutes of computation
time.

1 Results

1.1 Tomographic approach

The principle of operation of detector tomography is depicted in Fig. 1. Given a tomo-
graphically complete set of input states (beige), many measurements are performed,
resulting in a set of outcome probabilities (green) related to the outcomes via the
set of POVMs (red). Quantum mechanically, measurement outcomes p,, on each
state p via the POVM mr,, are governed by the Born rule p,,, = Tr[pm,]. Taking all
measurements together, one can recast the Born rule as the matrix equation

P=FII (1)

where the matrix of outcome probabilities Ppyn (green) are related to the set of
input states Fpxas (beige) via the set of POVMs Il «n (red). The experimental
setup used to generate and measure the set of input states is shown in Fig. 1, with
experimental details given in the Methods section.

In principle, one can invert Eq. (1) to recover the unknown matrix of POVMs II.
In practice, however, the direct inversion of Eq. (1) often yields nonphysical results,
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Fig. 1 (a) Experimental setup to perform high dynamic range quantum detector tomography. The
coherent states from a picosecond pulsed laser can be attenuated with variable optical attenuators,
to control their mean photon numbers. Polarisation controllers before the fiber beam splitter loop
(blue line) and the SNSPD are used to optimize the performance of the devices. The beam splitter
loop creates sub-pulses with a temporal separation of 7 = 156 ns and has an adaptable out-coupling
R and loop-efficiency njo0p- A time tagger records raw time tags of the electrical output signal of the
SNSPD. (b) Poisson distributions for mean photon numbers of 72 = 1, 7 = 100 and 7 = 10, which
are set by the variable optical attenuator. (c) Schematic matrix representation of the matrices F px ps
containing the coherent input states, IIps« n containing the (unknown) POVMs of the detector and
P py N containing the measured outcomes of the detector. (d) Probability distributions that a certain
number of time-bins of the detector click, i.e., the outcomes of the detector for mean photon numbers
of A =1, A =100 and 7 = 106.

i.e. POVMs which are not positive semi-definite and/or unit trace. This is due to the
presence of unavoidable noise in the experimental outcomes. To overcome this, one
can recast Eq. (1) into the constrained minimisation problem

min ||P — FII||5, (2a)
N-1

subject to 7, = 0, Z T, =1, (2Db)
n=0

which searches for the set of parameters in the POVM matrix IT which, when
multiplied by the set of input states F', most closely match the measured data

P. The two-norm, [[Allz = />, A7, is used and A = 0 denotes the positive

semi-definiteness constraint of the matrix A.

The solution of the minimisation problem Eq. (2a) with the constraints Eq. (2b)
for large POVM matrices is a numerically challenging convex optimization problem.
Furthermore, the structure of the problem and the constraints render parallelisation



nontrivial, since an efficient communication scheme between nodes is required. The
solution’s computational effort and memory usage mainly depend on the number of
free variables, i.e. the size of the matrix of POVMs II. The construction of IT from
7n, and therefore the matrix dimensions, depend on whether or not the detector is
sensitive to coherence present in the input states. In what follows, we consider phase
insensitive detectors, the POVMs 7, of which can be expressed as diagonal matrices,
with elements (r,,), ;, nonzero for k = l. For each 7, these nonzero elements comprise
each row of the matrix of POVMs IT, ie. I, , = (mp)s_; ;—; - In this case, the size of
the matrix and the number of entries in the matrix IT is thus M - N , where M — 1
denotes the maximal photon number in the Hilbert space with dimension M, and N is
the number of detector outcomes. Furthermore, in this case the constraints on 7, are
such that the elements of IT are non-negative. The constrained minimisation problem
in the conventional form is thus

plbin |P — FII||3 (3a)

M, >0vYic{0,..,M—1}, nec{0,.,N—1} (3b)
N—-1

d Min=1Vie{0,...,M—1} (3¢)
n=0

for a given P € RP*N and given F € RP*M D denotes the number of probe states.

The memory needed for storing I, F' and P is roughly
MeNlgorage = 8 byte - (M N + DM + DN). (4)

The recent work by Liu et al. [20] has shown the practical solution to this problem
for the order of 10° free variables using the general minimisation solver MOSEK [23]
via CVXPY [24, 25]. The detector setup in their work requires M and D for a given
number of outcomes N to be approximately

MLiu ~ 6.6 - N1'06 (5)
DLiu ~4.0- N1'14. (6)

Thus, the memory usage in the situation of Liu at al. for storing IT, F' and P is
MEeMgtorage $2.6- 10-7- N22 GiB. (7)

Using our high-performance computing hardware [26], we investigate the practical
main memory usage (see Appendix A for hardware and memory usage benchmark) of
the solution approach of Liu et al. [20] for the standard detector tomography (SDT)
problem and the simplified modified detector tomography (MDT) problem. Fitting
the measured memory usage to the model mem = aN? results in

memy,iy,SDT ~ 1.8-107% . N29 GiB (8)
memp;, MpT & 2.0-1075 - N293 GiB . (9)



This differs slightly from the scaling approximation given in Ref. [20]; on the one hand,
we track the memory usage of the solver continually, and on the other, we use a wider
range of total outcomes N = 11,21, ...,201.

Notwithstanding these slight differences, the prefactors in the memory usage scal-
ing of the solver of Liu et al., Eq. (8)-(9), and the memory needed for the storage of
matrices, Eq. (7), are different by two orders of magnitude and the solver exhibits a
scaling in N that is significantly higher than for storage. This strongly suggests that
a suitable numerical solver with a much lower memory footprint can be constructed
to solve this problem more efficiently and scalable.

The goal of our approach is, on the one hand, a memory usage that is only a few
times larger than the memory required for storing II, F' and P and, on the other
hand, the possibility not only to use multiple CPU-cores of a single compute node,
but to scale to very large problems by using the distributed memory of many compute
nodes. For this purpose, we propose a two-stage variant of the two-metric projected
Newton approach [27-29] for the problem in Eq. (3). The algorithm is described in
detail in Appendix B.

1.2 Detector under test

We apply our solver to an experimental tomographic dataset obtained from a high
dynamic range optical detector, with sensitivity from the single-photon level up to
bright light [30]. The high dynamic range is achieved using a multiplexing scheme
in which an incoming optical pulse is split into sub-pulses of exponentially decreas-
ing pulse energies, incident on a superconducting single-photon detector (as shown
schematically in Fig. 1(a)). The number of outcomes of the detector is governed by
the number of sub-pulses which result in a measurement event. Since this detector has
no intrinsic phase sensitivity, the POVMs are fully described by matrices diagonal in

the number basis, given by m, = 2/1261 Hl(cn)|k><k| The aim of the reconstruction is

thus to find all 0](;) for the different detector outcomes n, up to a maximum photon
number M — 1, corresponding to a Hilbert space of size M.
To carry out the reconstruction, we need a set of input states which span the

Hilbert space to which the detector is sensitive. For this task, it is convenient to use

L] i .
the set of coherent states |a) = > .2, e‘T%h}. These states provide a photon

number distribution governed by Poissonian statistics defined by their mean photon
number |a|2. We require a set of D states of different mean photon number |ay|?, such
that the elements of the input state matrix may be written as

s N |0ld|2i —Jag)?

Fy; = (i|lagfaqli) = e d (10)
for all photon numbers i € [0, M — 1]. We limit ourselves to the diagonal elements of
the density matrix |a){a| since our detector is insensitive to phase.

While in principle a single mean photon number is sufficient to cover any Hilbert
space, since the coefficients are nonzero for all photon numbers i, in practice one
requires sufficient statistics for all photon numbers for a reliable reconstruction. We
choose mean photon numbers to scale quadratically, i.e., |ag|? ~ d2.



Previously, we have conducted detector tomography of 11 outcomes of this device
up to a Hilbert space of size M ~ 5 x 10 [19], limited by standard computational
methods using CVXPY [24, 25]. Nevertheless, the logarithmic response of the detector
means that the Hilbert space to which it is sensitive goes far beyond this limit. Fur-
thermore, the detector design is such that a relatively simple model of the device can
be constructed [30], which allows the POVMs to be derived analytically. This enables
us to test the accuracy of the computational reconstruction up to arbitrary size, which
is essential to ensure correct reconstruction with our solver.

1.3 POVM reconstruction

We investigate the proposed reconstruction method with the experimental measure-
ment data, i.e., with a Hilbert space cutoff of M = 1210581, N = 151 outcomes, of
which the first ~50 outcomes are tomographically covered by the D = 1076 input
states. Figure 2 shows three different tomographic reconstructions, each of which take
different approaches to regularisation (see Methods, Regularisation and smoothing, for
details on the regularisation routine). In Fig. 2(a) no regularisation is used, resulting
in somewhat noisy response, particularly at low outcome numbers. In Fig. 2(b), a reg-
ularisation factor of v = 1079 is used, limited to smoothing between nearest-neighbour
photon numbers, as discussed in Ref. [8]. This successfully smooths the high-frequency
noise at low photon numbers, but is insufficient (and indeed increases noise) at high
photon numbers.

To mitigate this, we introduce a further step to the regularisation which encour-
ages smoother, more physical results at higher photon numbers (see Methods,
Regularisation and smoothing). The result of this is shown in Fig. 2(c).

To evaluate the solver in general, and each approach to regularisation in particular,
we compare each reconstruction to the analytic model of the POVMs of the detector,
shown in Fig. 2(d). In the inset of Fig. 2(d), we plot the infidelity (1-fidelity)

Tr ((\/777rn7theo\/71’) 1/2) i

n Tr(ﬂ)Tr(ﬂn,theO) ( )

between the reconstructions and the analytic model. Each case shows excellent agree-
ment between the reconstructed and analytical POVMs, with fidelities exceeding 99%
for all occupied outcomes in all three cases. For the extended regularisation, this
fidelity increases to an average of 99.69% for all occupied outcomes up to N = 50.
This demonstrates the unparalleled accuracy of the reconstruction at unprecedented
Hilbert space size.

From the POVMs of the detector we can reconstruct the Wigner functions corre-
sponding to different detector outcomes, as shown in Fig. 3. These Wigner functions
give additional insight about the detector. Negativity at the origin in Fig. 3(b), shows
the non-classical nature of the corresponding operator 7r,,—;. Our approach (see Meth-
ods, Computation of Wigner functions) for calculating the Wigner functions is stable
even up to a Hilbert space dimension of M = 10°, as can be seen by the smooth nature
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Fig. 2 (a-c) Reconstructed POVMs from the experimentally measured data for M = 1210581, N =
151 outcomes, and D = 1076. Due to the span of the input space, the first ~50 outcomes are occupied
and shown. (a) Does not include regularisation (smoothing) of the POVMs, (b) uses the standard
nearest-neighbour smoothing with a regularisation parameter of v = 10~5 and (c) in addition to the
nearest-neighbour smoothing, utilises a novel long-range approach to the regularisation of the POVMs
(see Methods, Regularisation and smoothing, for further detail). (d) Shows the analytical POVMs of
the detector. The inset shows the infidelity Eq. (11) between the three regularisation approaches and
the analytical model for all occupied outcomes of the detector.

of the Wigner functions of the analytical POVMs in Fig. 3 (black dashed lines). Con-
sequently, the noise in the Wigner function of the experimental POVM 7,40 can be
explained by noise in the reconstructed POVM (which is visible in Fig. 2(c)). How-
ever, we see that the general overlap between Wigner functions of experimental and
analytical POV Ms is high, especially for small outcomes.
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Fig. 3 Wigner functions of the reconstructed POVMs using the long-range smoothing (shown in
Fig. 2(c)) and the analytical POVMs (shown in Fig. 2(d)) for a subset of outcomes (a) n = 0, (b)
n =1, (¢c) n = 2 and (d) n = 40. Clear negativity in (b) shows the non-classical nature of the
corresponding POVM 7r,,—1. The inset shows that the general overlap of the Wigner functions based
on the experimental (colored lines) and analytical (black dashed lines) POVMs is good, however,
some noise appears in the Wigner functions for the experimental POVMs at larger outcomes.

1.4 Application to other detector geometries

To compare with the current state of the art, we evaluate the proposed solution method
and implementation for the detector geometry of Liu et al. [20]. They consider a spa-
tially mutliplexed detector in the form of an on-chip network of beam splitters, whose
output modes terminate in an SNSPD. This splits the input light equally onto many
SNSPDs, thus gaining quasi-photon-number resolution. Their setting is characterized
by the ratio of the maximal photon number in the Hilbert space and the number of
outcomes, i.e., M/N being of the order of only ten. Specifically, the relation in their
case is given in Eq. (5). The inputs for the minimisation problem, i.e., the matrices
F and P were generated with the implementation of Liu et al. [31]. In our analysis of
their data, we use a single compute node with two AMD EPYC 7763 64-core CPUs.
Further software and hardware details can be found in Appendix A. The runtime and
memory usage of the solver of Liu et al. [20] and the proposed method are shown in
Fig. 4 for different N. While the CVXPY-MOSEK-based solver of Liu et al. has a
lower runtime for small cases, i.e., N < 30, the solver proposed and implemented in
this work is advantageous from intermediate sizes onwards. Performance of our pro-
posed solver can be improved for small problems by using fewer CPU cores and, thus,
threads which reduces the threading overhead. For N = 1000, which corresponds to
N - M =1.04-107 free variables in II, the estimated runtime and memory usage for



the CVXPY-MOSEK-based solver can be estimated to ~ 75000 seconds and ~ 12700
GiB while the proposed solver requires 1450 seconds and 1.6 GiB.
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Fig. 4 Runtimes (a) and memory usage (b) of the CVXPY-MOSEK-solver of Liu et al. [20] (orange
dots) and the solver proposed in this work (blue crosses, 8 CPU cores; blue pluses, 128 CPU cores) for
the detector setting of Liu et al. for different numbers of outcomes N. The orange diamond symbol
show the estimated runtime and memory usage based on linear extrapolation for the solver of Liu et
al. for N = 1000.

1.5 Scalability for very large-scale problems

The limiting factor for the problem size is the main memory available on the com-
pute nodes. We choose to evaluate the so-called “weak-scaling” scenario, in which the
portion of the problem that one node works on is chosen to be constant. In this case,
the maximum problem size depends on the available memory per compute node, the
number of nodes, and their communication (message passing interface (MPI) ranks
- see Methods, Memory usage, for details). Using our high-performance computing
hardware, the scalability of the approach up to 3.4 - 10'? free parameters has been
demonstrated to be feasible, corresponding to about 27 TB of storage for the POVM
matrix II.

The question naturally arises as to how large a system can be reasonably recon-
structed using this method. This cannot be answered in general since the iterative
numerical solution depends on the number of iterations required to converge, which
in turn depends on the specific problem to be solved as well as the experimental input
data. Thus, the scalability of the proposed solver and implementation is evaluated
based on the scalability of the required performance-relevant operations (e.g. evalua-
tion of the objective value, gradient, Hessian-matrix products, and others, as listed in
Tab. 1 in the Methods) instead of the full reconstruction.

Nevertheless, one can estimate the scaling of the solver based on heuristics. Empir-
ically for our two-stage iterative approach (see Methods, Algorithmic approach), the
first stage requires about 10-15 Newton iterations, and the second stage requires about
30-200 Newton steps till convergence. Usually, between 20 and 50 conjugate-gradient
iterations are needed per Newton iteration. Thus, the runtimes measured for indi-
vidual operations (presented in Fig. 7 in the Methods, Scalability considerations) for
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N - M up to 3-10'2 can be multiplied by lower and upper estimates of iterations to
give lower and upper estimates for the runtime of the reconstruction.

Given these results, in Figure 5 we show estimated lower and upper limits of the
runtime as applied to our detector geometry, up to a Hilbert space of M ~ 3 - 10'2,
number of outcomes N ~ 150 and requiring D = v/M input states to span the space.
This is presented assuming that the number of iterations required for convergence
remains similar to the experimentally realized case and that the number of compute
nodes required to evaluate each system size is chosen according to the weak-scaling
assumption (see Methods, Scalability considerations). The runtime for the reconstruc-
tion for the experimental setup of this work using one compute node of the Noctua 2
cluster [26] is also shown for comparison.
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Fig. 5 Scaling of the reconstruction wall time for a simulated detector with N = 151 and M =
(D —1)2 up to one full compute node of the Noctua 2 cluster with 256 GiB of main memory (N - M <
4.4-10%). Beyond N - M = 4.4-10° the wall time scaling for N ~ 150, D = VM +1 is estimated from
the measurements of the scalability of the underlying operations like the gradient combined with the
estimated numbers of operations described in Sec. 1.5 assuming that the lowest possible number of
compute nodes is used for the reconstruction, i.e., filling the main memory of the nodes. The blue
cross represents the runtime for reconstructing the experimental POV Ms using one compute node for
comparison.

2 Discussion

Large-scale detectors for quantum light are becoming increasingly prevalent in quan-
tum photonic technologies [10, 32, 33]. The ability to accurately characterise these
devices, in a consistent quantum mechanical framework is central to using them
effectively. This approach has been used to debug photonic quantum computing
platforms [3], and could be applied to large-scale single-photon sensitive imaging
systems [10, 22]. Developing computational tools to handle these large data sets,
whilst preserving their quantum mechanical structure, is a vital task in the future
proliferation of quantum photonic technologies.
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We demonstrate the feasibility of applying high-performance computing to char-
acterize a quantum detector that covers an extremely large outcome space, based on
experimental data. The accuracy of this reconstruction is verified by comparison with
an analytic model of the device, showing excellent agreement with fidelities above 99%
per outcome. Moreover, we are able to plot Wigner functions of these very large quan-
tum objects by exploiting arbitrary-precision floating-point numbers, and this freely
available code is generally applicable for diagonal density matrices [34].

The solver itself, which is also freely available [34], is designed for use with phase-
insensitive detectors. The degree and type of regularisation can be adapted to the
specific detector type. Extensions of the solver to cover phase sensitivity are also
discussed in the Methods section. Furthermore, the solver can be modified to solve
other problems of the form of Eq. (3), provided the matrices fulfill the requirements
(e.g. the banded structure of the F-matrix) as outlined in the Methods section.

The main bottleneck of the solver is the available memory bandwidth. Thus, it
might be worthwhile to consider and explore approximate computing techniques like
reduced floating-point or fixed-point representations of numbers to further increase
scale. In the other direction, using hardware with higher memory bandwidths like
GPUs or FPGAs is a promising route.

3 Methods

3.1 Experiment

The experimental setup is shown in Fig. 1(a). We use a picosecond pulsed laser with a
wavelength of 1556 nm and a repetition rate of 25 kHz to generate the coherent probe
states. We can control the mean photon number per pulse by two variable optical
attenuators that are placed after the laser. In order to ensure proper operation of
the beam splitter loop (which is made from polarisation maintaining components) the
polarisation is controlled by a manual fiber polarisation controller. Subsequently, the
light pulses are coupled into the beam splitter loop with adaptable out-coupling R,
loop-efficiency 7i00p and temporal loop length 7. The light is partially coupled out of
the loop into the time-bins of the time-multiplexed detector. These sub-pulses have a
separation of 7 = 156 ns, which needs to be larger than the dead time of the SNSPD.
Before the detector another polarisation controller is used in order to optimize the
polarisation dependent detection efficiency of the SNSPD. Given the repetition rate
of the laser and the bin separation 7 a maximum of 256 time-bins are allowed. We
use a total of D = 1076 different coherent probe states, whose mean photon numbers
scale quadratically, in order to efficiently span the Hilbert space (with dimension
M = 1.2-10%) of the detector. We note that the experiment was limited by the pulse
energy of the laser and not the detector itself, as in principle it is not possible to
saturate this type of multiplexed detector. We record raw time tags with a time tagger
for 5 - 10° trials of every input state.

The coherent probe state matrix F is constructed by expanding the coherent states
d € [0,D — 1] in the photon-number basis according to Eq. (10) up to the Hilbert
space dimension 7 € [0, M — 1].
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The outcome matrix P of the time-multiplexed detector is populated by counting
the number of occupied time-bins per trial in a 5 ns coincidence window and dividing
by the total number of trials. This leads to the probabilities Py, = py|, for different
outcomes n and input states d. We can truncate the number of time-bins at 150 (result-
ing in N = 151 possible outcomes of the time-multiplexed detector), as subsequent
time-bins are dominated by dark noise only.

As mentioned in Sec. 1.2 it is possible to derive the POVMs of this high dynamic
range detector analytically. In order to calculate the analytical POVMs, we first need
to find the experimental parameters of the device. This can be done by fitting the
bin-click probabilities, i.e., the probabilities that a certain bin j fires for a given mean
photon number. For a coherent state input to the detector, the bin-click probabilities
are described by

= (12)

coh (d) _ 1- eXp[*RUdedadF] ) J= 1
pj 1- exp [_(1 - R)QR_l(Rnloop)J_l|ad|2ndet] ] >2 ’

which we adapted from Ref. [30] to include the detector efficiency 74et. We additionally
neglect the dark-count probability, which is in the order of 5 x 10~8 per time-bin in
a b ns coincidence window. We find the experimental parameters R = 0.91644(9),
Moop = 0.90524(8) and nget = 0.528(1) by fitting Eq. (12) simultaneously for all
coherent input states |ag|? with d € [0, D — 1].

Given the experimental parameters of the high dynamic range detector, we can
then calculate the bin-click probabilities for photon-number (Fock) state inputs

1_(1_R7]det)i ‘jzl

Fock (Z) _ 2 -1 i R
1-— |:1 - (1 - R) R (Rnloop) Tldeti| J Z 2

pj (13>

which is again adapted from Ref. [30] to include the detector efficiency 74et. With these
bin-click probabilities, it is possible to use a closed-form expression for the Poisson
binomial distribution [35] to calculate the POVMs of the detector (see Ref. [19] for
more detail).

3.2 High-performance computing approach
3.2.1 Algorithmic approach

Instead of relying on general minimisation solvers such as CVXPY [24, 25] that are
designed for handling arbitrary problems from large classes of minimisation problems,
we propose a tailored algorithm that directly utilizes properties of the given problem.

We have evaluated several different approaches that only require the objective
function and constraints as well as their derivatives but no matrix factorizations or
decompositions. The goal of this restriction was to set up an algorithm that is well
suited to be parallelised not only for using multiple CPU cores in one compute node
but multiple CPU-nodes of a large HPC-cluster in parallel. Thus, we have evaluated
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Table 1 The performance-relevant operations required for the approach described in section 3.2.1.

c,d € RMXN o cR.

operation equation optimal parallelism
objective value O(I) = [|[P — FII||3 columns of IT with D x N-reduction
gradient O O(II) columns of IT with D x N-reduction
Hessian products H®q columns of IT with D X N-reduction
20k
diagonal of Hessian f’;)m = % columns of IT with D x N-reduction
simplex-projection Pgn[d] rows of d
element-wise operations eg. d+cec-d rows and/or columns of d
scalar multiplications ad elements of d
2-norm i d? " rows/columns of d; ; with global reduction
row-maxima m(i) = arg maXnE{N 1} din rows of d
row-sums (1) =argd> rows of d

the augmented Lagrangian approach [36, 37], different variants of active-space methods
as well as projection approaches [38].

The minimisation problem at hand is characterized by a large number of equality
(M) and inequality constraints (N - M) and a relatively low computational complexity
of the objective function due to the sparsity of F'. These characteristics directly impact
the suitability of the classes of minimisation algorithms: For example, the large number
of equality constraints cause a large number of additional augmentation and penalty
terms in augmented Lagrangian-based approaches.

Our implemented approach [34] is based on the two-metric projected Newton
method [27]. We developed a two-stage extension which showed significantly faster
convergence. Both stages use a diagonally preconditioned conjugate gradient for the
approximate solution of the linear system in Newton’s method. As line search a back-
tracking approach with Armijo-like conditions [38] is used. The essential difference
between the first stage and the second stage is that in the first stage a projection
Psm onto the M-dimensional unit simplex is used [39] whereas the second stage
projects only onto the non-negativity constraints. Full details and algorithms are given
in Appendix B. In the following section we present a few important aspects of the
implementation.

3.2.2 Implementation

Required operations

The performance-relevant operations required for the solution approach described in
Sec. 3.2.1 are listed in Table 1 together with their possible parallelism scope. The
parallelism scope refers to the level or dimension along which the POVMs IT could be
distributed to different processes or compute nodes without requiring communication
or, if not possible, the additional required reduction is specified.

Data distribution and parallelisation

While all operations involving the objective function O(IT) = ||P — FII||3 have the
columns of IT as a natural parallelism level due to the product FII, all other required
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Fig. 6 Schematic representation of the distribution of F, II, and P to the processes Pi,...,Pp,,.
Colored areas show distribution units in parallelisation.

operations have at least the rows of IT as a natural parallelism level. Thankfully, for
large M, the matrix F' is sparse and banded, making it possible to also efficiently
parallelise the operations that include the objective functions with respect to the rows
of II. Thus, II is distributed in blocks of rows to different processes. The matrices
P and P — FTI are replicated on every compute node. Only the relevant non-zero
blocks of F' are stored on the corresponding processes. The distribution schema is
schematically shown in Fig. 6. Thus, the computation of F'II is performed in two steps:
The first step is the process-local computation of the contributions to the auxiliary
matrix O = FTI with the rows of IT and the blocks of F' that are present on the
process. Secondly, the locally calculated contributions to O must be communicated to
other processes. Due to the sparse banded structure of F' for large M and because only
parts of O are required on every process to compute the objective function, gradient,
and Hessian products, no all-to-all communication is required for this step. Instead,
the communication pattern can be handled efficiently with a butterfly graph. With the
described distribution of blocks of rows of II, the proposed reconstruction can scale
to very large problem sizes because the entire main memory available in a large HPC
cluster can be used to compute a reconstruction.

We have implemented the distributed memory parallelisation with the message-
passing interface (MPI) [40]. Additionally, we have parallelised the process-local
operations with OpenMP [41] wherever possible. An emphasis was placed on avoiding
false sharing of cache lines between the threads and an optimal usage of the available
memory bandwidth.

3.2.3 Memory usage

The limiting factor for the size of the reconstruction in terms of the problem param-
eters N, M, and D that can be performed is the sum of the main memory available
on the compute nodes.
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The maximal possible Hilbert space dimension My, .y possible for a reconstruction
with our approach for a given number of outcomes N, number of probe states D,
number of MPI-ranks n,.nxs per compute node and number of compute nodes nyodes
and main memory per node memy,q. can be estimated with

Mpax =

Tnodes mMeMyode
— 2D Nyan . 14
6 (N-Sbyte aks) (14)

3.2.4 Scalability considerations

Due to the dependence of the number of iterations during the minimisation on the
input data, general statements on overall time-to-solution are limited. Nevertheless,
the underlying operations can be analysed in detail. We have chosen the quadratic
scaling of probe states, i.e., M = (D —1)? corresponding to the experimental situation
presented in this work. The matrices P and the POVMs II were chosen randomly and
densely for the scalability experiments.

To analyse the scalability for very large reconstructions we chose a situation where
the main memory of the available compute nodes is almost completely used and, thus,
the limiting factor. Thus, the situation is related to the so-called weak-scaling case in
parallelism where the portion of the problem that one compute node works on is kept
constant when the number of compute nodes is increased.

For the compute nodes of Noctua 2 [26] with a main memory size of 256 GiB
we have used mem,,q. = 200 GB to also account for buffer sizes of MPI transfers,
OpenMP stack usage and other additional memory usages that are not covered in the
approximation of Eq. (14). Scalability was investigated for 8 MPI ranks per node, i.e.,
one per NUMA domain, and 16 threads per MPI rank.

The scaling behavior of underlying operations is shown in Fig. 7 for the evaluation
of the objective function (a), the Hessian-matrix product (b), gradient (¢) and scalar
products (d), which all require global communication between the compute nodes.
Runtime results for the gradient are nearly indistinguishable from the Hessian-matrix
product. Element-wise operations, scalar multiplications, and projections are trivially
parallel with the proposed parallelisation scheme. For example, a conjugate-gradient
iteration requires one Hessian product, several element-wise operations, and several
scalar multiplications.

For larger photon number cutoffs M > 10°, the required runtime for the operations
scales very favorably with the number of compute nodes. In contrast, for smaller
M, the runtime increases visibly with the number of compute nodes. The underlying
reason is that due to the choice of the weak-scaling scenario, in order to fill the main
memory of the compute nodes in the case of small M, the number of outcomes IV has
to be very high as determined from Eq. (14).
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Fig. 7 Weak-scaling behavior of the runtime for the evaluation of the (a) objective function, (b) the
Hessian-matrix product, (c) gradient and (d) scalar products.

Regularisation and smoothing

In addition to the least-squares objective function in Eq. (2a) our implementation also
supports the next-neighbor regularisation term [7, 8]

g =73 3 (Wi = Miyrn)? (15)

with the regularisation parameter v > 0.

While long-range generalizations of the regularisation term are, in principle, easily
possible, they introduce an ambiguity due to the choice of the averaging and the range-
dependence of the weighting. The minimisation problem for this work’s experimental
situation exhibits a flat valley around the minimum. Thus, we propose a different way
of encouraging a more physical, i.e., less noisy reconstruction by first performing a
reconstruction starting with some initial II. We use HE?,Z = 1/N as a starting point.
The reconstruction problem is solved with the proposed two-stage algorithm and the
result is smoothed by replacing each II; ,, with its long-range average

1 i+ Nsmootn (%)

in= oo —7n T 1, 16
’ 2Nsmooth(7J) + 1 Z 7 ( )

J=%—Nsmooth (’L)

I
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where IT is the result of the minimisation and the smoothing distance Ngmootn depends
on the photon number 7 so that the logarithmic photon-number scale in this experiment
is accommodated. The smoothed POVMs II then serve as the starting point for a
second minimisation run where only the second stage is used.

The exclusion of the lowest ~ 100 photon numbers from the smoothing step
improves the results because it prevents a severe disruption of the qualitative structure
at low photon numbers. We have found that a smoothing distance of Ngmooth = /50
yields a significant improvement over the POVMs without a smoothing step as shown
in Fig. 2(c).

Possible improvements

While our implementation assumes no a priori sparsity pattern of II, P, and F', a
sparsity pattern forms in IT during the minimisation. However, our current implemen-
tation performs all operations, like the gradients or Hessian-matrix-products, in the
full N - M space, which reduces the code complexity but is likely wasteful in terms
of memory bandwidth and floating-point operations. Also, due to the experimental
setting with M > N, the parallelisation and handling of matrices, especially F', are
optimized for this situation.

3.2.5 Extension to phase-sensitive detectors

The algorithm proposed in the previous section is tailored for the detector tomography
reconstruction problem of a phase-insensitive detector given in Eq. (3). For a phase-
sensitive detector [8, 42, 43], the minimisation has the form

., min ||P — FII||3 (17a)
T, €CMXM  pncl0,....N—1}

m, =l Vne{0,.,N-1} (17b)

Tn=0  Yne{o,..N—1} (17¢)

SN =1, (17d)

with II = (g, ..., ¥y —1). The two-metric projected Newton approach can be general-
ized to this situation by replacing the projection on non-negativity constraints with a
projection of a hermitian matrix on its nearest positive semi-definite matrix. Such a
projection can, in the conceptually most straight-forward way, be calculated as

max(0, A1)
,Pscmifdcﬁnitc [A] - UT maX(Oa )‘2> Ua (18)

where the unitary matrix U contains the eigenvectors of A as columns and A; are the
eigenvalues of A. As this projection problem also arises in other areas, more efficient
methods have been developed, especially for structured matrices [44, 45].
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3.3 Computation of Wigner functions

The computation of Wigner functions for high photon numbers is numerically chal-
lenging due to the high absolute values occurring during the calculation. For the high
photon numbers in this work, the intermediate values can easily exceed the maxi-
mal values that are representable with conventional double-precision floating-point
numbers. Thus, we have set up a variant [34] by generalizing the implementation
of the Wigner function available in QuantumOptics.jl [46] to use arbitrary-precision
floating-point numbers via the BigFloat data type in Julia which uses the GNU MPFR
library [47].

Data availability. The raw data, as well as the relevant matrices and Wigner func-
tion data is openly available via Zenodo at https://doi.org/10.5281/zenodo.10803758
and https://doi.org/10.5281/zenodo.10810148, respectively.

Code availability. The reconstruction code “Parallel Quantum Detector Tomog-
raphy Solver” (pqdts [34]) and the code for calculating Wigner functions is openly
available on GitHub via https://github.com/pc2/pqdts and can be cited via Zenodo
https://zenodo.org/doi/10.5281 /zenodo.10853650.
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Appendix A Software and hardware details

All numerical results have been obtained using compute nodes of the Noctua 2 high-
performance computing cluster [26]. Each node hosts two AMD EPYC 7763 CPUs
with 64 CPU cores each and 256 GiB of DDR4-3200 main memory in an 8-channel-per-
cpu configuration, giving a usable memory bandwidth of 370 GB/s in the STREAM
Triad benchmark. The CPUs are configured with 4 NUMA domains per CPU, SMT
is disabled, and turbo-mode is enabled. The following software versions were used:
Python 3.11.5, CVXPY 1.4.2; and MOSEK 10.1.24 for the solver of Liu et al. and
GCC 13.2.0 with OpenMPIT 4.1.4 for the proposed solver.

Main memory usage refers to the maximal resident set size of the solver process as
measured by the Linux kernel as the high-water mark (HWM).

Appendix B Algorithms

B.1 Two-metric projected Newton method

Bertsekas two-metric projected Newton method

The two-metric projected Newton method for a general constrained minimisation
problem

wmin /() (B1)

where (2 is the space in which the constraints for & are fulfilled, is an iterative approach
derived from the well-known Newton method for unconstrained minimisation [38]. For
the unconstrained problem

min (), (B2)
reR™

the unconstrained Newton method approximates the objective function f(#) in the
k-th step by a quadratic model around the current iterate Z(*) as

QW(Z) ~ f(TW) + (& — ZW)TVf(@W) + L@ - 2™)TH® (7 — z®), (B3)

where H®) is the Hessian matrix in the k-th step, i.e. Hfjk) = ax‘?i;c,f(f(k)). The next

iterate Z(*+1) is then the solution of the minimisation problem:

2D = min QW (7). (B4)

TZER™

The quadratic unconstrained minimisation problem in Eq. (B4) can be rewritten as
the well-known linear system for the minimisation step p{*) = gk+1) — z(k).

HWMFR = v f(7*0), (B5)
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which can be solved with various numerical methods. Usually, this schema is aug-
mented by a line-search procedure where the next iterate Z(*t1) is determined from
the step vector p¥) by the solution of the line-search problem

a®) = arg meigf(f(k) + ap®) (B6)
«
kD = 70) 4 o)k, (BT7)

While this additional line search procedure only adds a typically negligible com-
putational cost, the approach is much more numerically reliable. For an objective
function with positive definite Hessian, the unconstrained Newton method converges
quadratically fast near the solution [38].

Analogous to the translation of the gradient descent method for unconstrained
problems to the gradient projection method for constrained problems, the Newton
method for unconstrained problems, Eq. (B3)-(B7) can be translated to problems
with constraints [38]. For this purpose, the unconstrained quadratic approximation in
Eq. (B3) is written as a constrained problem that determines the next iterate Z(*+1) as

2D = arg mig QM (). (B8)
re

the crucial difference is that the minimisation, in contrast to the unconstrained case
in Eq. (B4), is restricted to vectors & that fulfill the constraints. Consequently, the
step direction p{*) cannot be obtained by the solution of the linear system Eq. (B5),
and instead, the constrained problem of Eq. (B8) is typically significantly harder to
solve. In the case of bound-constrained problems, i.e. Q@ = {Z € R™ : | < z; < u Vi},
one possibility to circumvent this issue is the idea of two-metric projected Newton
approaches [27]. Equation (BS8) is rewritten as a projection

1

gkt min
FeR™:I<z;<u 2

— = -1 -
= arg 17 — @ — (H®) V@) 00, (B9)

where the norm with respect to the metric defined by the positive-definite matrix
A is defined as ||g]|a = /yT Ay. Instead of solving this projection with respect to
the metric induced by the Hessian matrix H, the two-metric approach solves the
projection problem

17— (@® — (DW) 'V F(@E0))||2 (B10)

- . 1
Z*) ~arg min =
FeRM:I<z;<u 2

with respect to the unit metric, but the inverse of the Hessian matrix is replaced by

the inverse of a suitable positive definite matrix D. Practically, the projection with
respect to the unit metric in Eq. (B10) has the solution

-1
FFHD P 7 — (DW) @), (B11)

)
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where P, ;(Z) is the projection of the vector & onto the constraint surface, i.e.,

lif x; <
(Pui(£); = S u,if 3 > u . (B12)

x;, otherwise

A line-search method is added to this approach as

a® = arg mé{% pu,l[f(k) _ a(D(k))—lvf(f(k))] (B13)
FHD = 7 — o (DY) ()] (B14)

Bertsekas [27] has shown that for a problem with non-negativity constraints,

i T B15
et @) (B15)

a choice of the matrix D® as

0, if i # j and eitheri € T or j € [
(DW= 7® . (B16)
ij » otherwise
with the index set I defined as
) of (&
I={i:0<u <e %0 >0} (B17)

and a small ¢, this approach leads to a globally convergent algorithm with a superlinear
convergence rate under mild conditions.
For minimisation problems over a probability simplex,

i 7)) B18
feﬂ?m:wizonélil:lzgl r;=1 f(x) ( )

Bertsekas [27] has proposed an approach that transforms the problem so that it can be
handled with the two-metric projected Newton approach defined in Eq. (B14)-(B17).
The transformation can be generalized straightforwardly to the tomography recon-
struction problem in Eq. (3), which has M sum-constraints. The approach only requires
evaluations of the objective function, the gradient, and the approximate solution of
the linear system

DW R = 7 f(#k) (B19)
for p¥), which can be implemented as an iterative preconditioned conjugate-gradient
(CG) method where only matrix-product operations between D™ and vectors as well

as vector-vector operations are required. Thus, the memory usage footprint is only a
few times larger than the memory usage for the storage of the P, F', and II given
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in Eq. (7). The complete two-metric truncated Newton algorithm for the detector
tomography problem Eq. (3) is given in Algo. 1.

Algorithm 1 Two-metric projected truncated Newton algorithm

HE,(Q — % Vi, n > Initialization that fulfills the constraints
choose 0 < <1
for £+ 0,1,2,... do > projected Newton iteration
for:+0,1,2,...., M do > transformation step
m(i) < argmaxpeqo,... N1} Hgkg > determine per-row maxima
ﬁgkg — Hgkrz Vn # m(i)
1211(.]2)1(1.) —~1-> ok (i) Hg? > implicitly account for sum-constraint
eg% for R
G —O0zml||P - FII®|2 > gradient with respect to IT
~ (K
solve D™ p(*) — G( ) > with diagonally-preconditioned CG
for [+ 0,1,2,... do > line search
alk) gt
~ (k
H;k:rl) — 730,00[1_[( ) + o P®, L Vin £ m(i) > update TI
k+D) (k+1)

(i) < 1= 2jzmen 1
if 11" > 0 vi and TI*™) fulfills Armijo-conditions [38] then
exit loop
end if
end for
if converged then
exit loop
end if

end for

Two-stage extension to the two-metric projected Newton approach

While the algorithm described in the previous section has a favorable memory usage
characteristic and can be parallelised efficiently, we have found that due to a large
number of sum constraints, Eq. (3¢), the method converges slowly if it is not already
rather close to the solution. The underlying reason is that in the line search in Algo-
rithm 1 the elements of IT*+1) corresponding to the row-wise maxima are obtained
implicitly from the sum-constraint as

(k+1) _ (k+1)
Hi,m(i) =1- Z Hi,j ) (B20)
j#m(i)

where m(i) is the column-index of the maximum in the row i of the matrix II*). If
II™) is not close to the solution of the minimisation problem, there is likely a row in
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1™ for which 1%

i,m(2)

< 1 and which, thus, forces the step length a*) to be small to
(k+1)
i,m(2)
a two-stage approach that avoids this convergence slowdown. In the first stage, we
use a modified variant of the two-metric projected Newton method of Bertsekas by
replacing the transformation step for the sum constraints with a projection onto the
probability simplex that also enforces the sum constraints. The projection Pg[Z] of a
vector Z € R™ onto the probability simplex S = {f € R™|y; > 0, , y; = 1} is defined
as the point closest to & that is on S, i.e.,

fulfill the non-negativity constraint for II . Thus, in the next section, we propose

Psi] = argmin|[7 — l]2- (B21)
yeSs

In practice, we use the algorithm proposed by Condat [39] that has a best-case
complexity of O(m), a worst-case complexity of O(m?), and additional memory
requirement O(1). For the purpose of the detector tomography reconstruction prob-
lem in Eq. (3), an M-dimensional generalization Pgnm of projection on a probability
simplex can be defined as

PSKHO,O; ey HO,Nfl)]
Pyu (TI) = : (B22)
Ps[(Inr—1,05 -0, ar—1,8-1)]

that projects the POVM II on the constraints. The resulting algorithm is shown in
Algo. 2. However, due to the presence of the M-dimensional projection Pgn, we have
not yet been able to formally show global convergence for this modified variant and,
thus, only use it as a first stage to accelerate convergence towards the solution. Once
sufficiently close to the solution, we switch to the second stage with the proven globally
convergent two-metric projected Newton approach in Algo. 1. Practical results that
demonstrate the efficiency of this approach are shown in Fig. B1. The overall two-
stage, two-metric projected Newton approach is shown in Algo. 3. Thus, the two-stage
algorithm is globally convergent and improves on the convergence issue of Algo. 1.
The only required expensive operations are evaluating the objective function, gradient,
and products of the modified Hessian D™ with vectors for the conjugate-gradient
procedure. The constraints are enforced to numerical precision in both stages. The
memory usage of the algorithm is given as the sum of the memory needed to store
the matrices F, P, 1 2 plus the auxiliary matrices G(k), o® = FH(k), I'I(k"'l)7 the
index array I, and auxiliary matrices for the diagonally-preconditioned CG iteration.
The overall memory requirement is

memymetric = (2ND +6NM + MD + O(M) + O(N)) - 8 byte. (B23)
For large M, a sparse storage of F' instead of a dense representation is used to dras-

tically reduce the term M D in the memory estimation. For comparison, in the case
of the detector geometry of Liu et al., i.e., the dependence of M and D given by
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Eq. (5)-(6), and sufficiently large N, the memory estimate given in Eq. (B23) results in

meMametric Lin < 6.8+ 1077 - N22 GiB. (B24)

Algorithm 2 Two-metric projected truncated Newton algorithm

HE)OJ — % Vi, n > Initialization that fulfills the constraints
choose 0 < B < 1
for £+ 0,1,2,... do > projected Newton iteration
GW — —dm||P — FIIM| 2 > gradient with respect to IT
solve D®) pF) — g(*) > with diagonally-preconditioned CG
for [+ 0,1,2,... do > line search
alk) — gl
D P [P 4 o) pO)] > M + 1-dimensional projection
if TIFHY fulfills Armijo-conditions then
exit loop
end if
end for
if converged then
exit loop
end if
end for

Algorithm 3 Two-stage, two-metric projected truncated Newton algorithm

HEOZ — % Vi, n > Initialization that fulfills the constraints
choose 0 < f <1
minimize IT with Algo. 2 starting from n® > Stage 1

minimize IT with Algo. 1 starting from the result of the previous stage > Stage 2

The convergence criterion for the line searches in both stages are the Armijo-like
conditions where the smallest m € Ny that fulfills

FPI® 1 g7 PO)) < W) + o L (PP 4 aPO]cy  (B25)

with the objective function f, 5 = %, and ¢ = 1—10 is used for the step length a(%) =
B™ [27]. For the second stage also the non-negativity conditions, II, , > 0, have to be

satisfied explicitly which is fulfilled implicitly for the first stage. For the convergence
criterion for the transition from stage 1 to stage 2, the criterion

|0 f (Pou [ITI®) + aP®])| < 1074 (B26)
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is chosen. The convergence criterion for the second stage and, thus, for the overall
algorithm is derived from the KKT-conditions [38] of the minimisation problem and
defined as

M-—1
(Wisn - O, f(IT) + X))? < ek, (B27)
0

| N1
NiT 2

n=0 i=
where \; = max (0, — min,, 9y, , f(IT)) is the estimate for the Lagrange multipliers of
the sum-constraints.

Convergence of the two-stage approach

We investigate the convergence behavior of the proposed method with the experimen-
tal measurement data, i.e., with a Hilbert space cutoff of M = 1210581, N = 151
outcomes, and D = 1076 probe states.

The effectiveness of the proposed two-stage approach can be seen by comparing
the convergence speed when only using the second stage, i.e., Bertseka’s two-metric
projected Newton method in contrast to the two-stage approach depicted in Fig. B1.
While the convergence close to the minimum is very similar by construction, replacing
the first iterations with the modified variant drastically accelerates convergence when
far away from the minimum.

102 —— only second stage
—— two-stage approach
s
2 10
(]
=
©
2
S 10’
k]
(]
=2
®©
> 10—1

0 10 20 30 40 50 60 70 80 90 100 110 120
Iteration step

Fig. B1 Comparison of the convergence of the proposed two-stage approach with the convergence
when only using the second stage. No regularisation was applied, i.e., v = 0.

B.2 Wigner function

Computations with arbitrary-precision floating-point numbers required for the com-
putation of the Wigner function in Sec. 3.3 are much more expensive than double-
precision floating-point numbers because no direct hardware implementation is
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available. We have optimized the implementation of the Wigner function for phase-
insensitive detectors, i.e., diagonal density matrices, and have implemented a trivial
parallelisation via MPI to scale the computation of the Wigner function to many CPU
cores/compute nodes [34].

The arbitrary-precision floating-point numbers in MPFR are represented as the
product of a sign s € {—1,1}, a 64-bit exponent e, and an arbitrary-sized fixed-point
mantissa m as

5-2°-m. (B28)

The important ingredient is the very large range ~ 102" 2 101°" of numbers that can
be represented compared to the range of 64-bit floating-point numbers with a range of
~ 103%7. The bit size of the mantissa can be varied. For the Wigner functions in this
work, mantissa sizes of about 60-70 bits are sufficient in the sense that larger mantissa
sizes yield binary-identical Wigner functions when the final result is converted to
double-precision floating-point numbers.
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